We describe a simpli cation of a recent polynomial-time algorithm of A. I. Barvinok for counting the number of lattice points in a polyhedron in xed dimension. In particular, we show that only very elementary properties of exponential sums are needed to develop a polynomial-time algorithm.
Introduction
In 1], Barvinok gives the rst polynomial time algorithm for counting the number of lattice points in a convex polyhedron in any xed dimension d. This is a signi cant achievement, improving dramatically on the previously known cases for d 4 3] . In fact, Barvinok's algorithm counts the number of lattice points in a simplex with integer vertices, since it is known 3] that the general problem can be reduced to this case. To do this, Barvinok (Note that we have made a sign change from the notation of 1].) In particular, if K is a pointed polyhedral cone generated by the vectors u i (i = 1; : : : ; k), the exponential sum converges provided c:u i > 0 for i = 1; : : :; k. Barvinok's solution uses two deeper properties of these sums. The rst property is that the sum (regarded as a function of c 2 C d ) can be continued to a de ne a meromorphic function on C d . The second is an identity of Brion 2] which relates the exponential sum over a polytope to the sums over the cones generated by the edges at each vertex. The analytic continuation is crucial, since it is impossible to nd a single c for which all the required sums converge. This introduces an element of symbolic computation, in order to avoid the complication caused by poles of the sums. The remainder of Barvinok's procedure uses an inclusion-exclusion method to replace a sum over an arbitrary cone with a sum over a polynomial (in the size of the data) number of primitive cones. The sum over a primitive cone can be evaluated explicitly. We discuss this in more detail below. The purpose of this note is to indicate that the two non-elementary properties of exponential sums invoked in Barvinok's algorithm are unnecessary to obtain a polynomial time algorithm for this problem. We give an algorithm which uses only the reduction to primitive cones, replacing the symbolic computation with arithmetic computation. This results from the fact that, in our algorithm, we can compute a c for which all the sums involved converge. Another simple fact we need is that if K 0 is any face of K, ind K 0 ind K. Assume the truth of the Lemma for (r ? 1) and suppose r 2. We assume without loss that the generators of K are in lexicographically decreasing order. Let w = u 1 ? u 2 , so w is lexicographically positive and w 1 = 0. We now use the \inclusion-exclusion" method, as in 3, 1], to \insert" the vector w. Now K 0 = K K 00 ,where K 0 has generators w; u 2 ; : :: ; u k and K 00 has generators u 1 ; w; : : :; u k . Let K 000 = K \ K 00 be the (k ? 1)-dimensional cone with generators u 1 ;u 3 ; : :: ; u k . Then clearly K 0 = K + K 00 ? K 000 ; i.e. K = K 0 ? K 00 + K 000 : Thus K is a composition of three cones, each with only (r ? 1) generators having nonzero rst component. Note that ind K 0 = ind K 00 = ind K, since they all generate the same lattice, and ind K 000 ind K, since the generators of K 000 are a subset of those of K. Applying the inductive hypothesis gives the Lemma. The proof clearly indicates a polynomial time algorithm. 2Now, we follow Barvinok's method to express each of the cones K m from Lemma 1 as a composition of primitive cones. This is done in the following way. For a given cone K with ind K > 1, determine the matrix R as in section 2 using a Hermite normal form algorithm. Compute the shortest nonzero vector , in `1 norm, in the lattice generated by the columns of R ?1 . This can be done in polynomial time, in xed dimension, using the basis reduction algorithm 4] followed by enumeration. By Minkowski's theorem (see e.g. 4 >From this it follows that iterating this O(log log ind K) times we obtain cones with ind K = 1, i.e. primitive cones. The total number of cones generated is then only polynomial in log ind K, for xed k. At the end of this process, we have expressed the simplex S as a composition of a polynomial number of primitive cones, such that all cones have vertex in the non-negative orthant and all cone generators are lexicographically positive. We now show that there is a polynomial-sized c > 0 such that c:u i > 0 for all generators of all cones.
